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Abstract

Granger causality tests are increasingly applied when time series data is used in empirical research, especially in business, economics and finance. Several new tests have been developed in the literature that can deal with different data generating processes. In all existing theoretical papers it is assumed that the lag length is known. However, in applied research the lag length is chosen before testing for causality. This paper suggests endogenizing the lag length choice. It also provides and evaluates a bootstrap method when the lag length is determined endogenously. The suggested bootstrap test is also robust to ARCH effects that usually characterize the financial data. This test is applied to testing the causal relationship between the US and the UK financial markets. The financial economic implications of the empirical findings are explained in the paper. 
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1. Introduction

Tests for causality in Granger’s (1969) sense are increasingly conducted in applied research when time series data is used. This is especially the case in empirical studies in the fields of economics and finance. Several new test methods have been put forward in the literature for testing causality that can deal with different data generating processes; see among others Granger (1988), Toda and Yamamoto (1995) and Hacker and Hatemi-J (2006). A common factor in all existing papers is that the lag length is assumed to be known, which might be too restrictive. It is a common practice in the empirical literature to select the optimal lag order each time tests for causality are conducted. This paper suggests endogenizing the lag length choice to check the performance of the causality test when there is uncertainty about the choice of the lag order. It also provides and evaluates a bootstrap test for causality when the lag length is determined endogenously. This bootstrap test is robust to the existence of autoregressive conditional heteroscedasticity (ARCH). This property of the test seems to be useful because it is widely agreed in the literature, especially since the pioneering work by Engle (1980), that the volatility of many economic and financial variables is time-varying and ARCH effects prevail. All the simulations in this paper are conducted by programming in Gauss. An application oriented version of the program is accessible from the author on request.
This paper continues as follows. Section 2 defines a test statistic for causality testing. The Monte Carlo simulation design and the construction of the bootstrap technique are expressed in Section 3. The results of the conducted simulations are presented in section 4. An application into financial market efficiency is illustrated in Section 5, and the conclusion is given in the last section. 

2. Causality Test
The causality test is conducted by applying the following vector autoregressive model of order k, VAR(k) :
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where yt, B0, and ut are n-dimensional vectors and Bi is an n(n matrix of parameters for lag i. The error vector, ut, has a zero-expected value and it is assumed to independent, identically distributed with a non-singular covariance matrix 
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, fulfills the condition E|uit|2+( < ( for some positive (, where uit is the ith element of ut. The rth element of yt does not Granger-cause the jth element of yt if the following hypothesis is not rejected:

H0: the row j, column r element in Br equals zero for i  = 1,…, k.                 (2)

In order to express a Wald test statistic that can be used to test the null hypothesis defined by (2) in a compact way, we define the following denotations: 

[image: image3.wmf](

)

(

)

T

n

y

y

Y

T

 

 

      

,

,

 

=

 

:

1

´

L

 matrix,


[image: image4.wmf](

)

 

))

(1

 

 

(

    

,

,

,

 

=

 

:

1

0

k

n

n

B

B

B

D

k

´

+

´

L

 matrix,


[image: image5.wmf])

(

1

 

 

)

 

1

(

    

1

=

  

:

1

1

´

´

+

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

+

-

-

k

n

y

y

y

Z

k

t

t

t

t

M

 matrix, for t = 1, …,T,


[image: image6.wmf](

)

(

)

T

k

n

Z

Z

Z

T

 

 

)

(1

     

,

,

 

=

 

:

´

´

+

-

1

0

L

 matrix, and


[image: image7.wmf](

)

(

)

T

n

T

 

      

ˆ

,

,

ˆ

 

=

 

:

ˆ

1

´

e

e

d

L

 matrix.

By using these notations, we are in a position to define the estimated VAR(k) model written compactly as:
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The next step in to estimate 
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, the (n ( T) matrix of residuals from the unrestricted regression (3) when the null hypothesis is not imposed. Then the variance-covariance of these residuals is calculated as 
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, where vec signifies the column-stacking operator. The Wald (W) test statistic for testing non-Granger causality of one variable in yt on another variable in yt, is then written as
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where ( is the Kronecker product that represents elements by all elements multiplication of matrixes, and Q is a k(n(1+n(k) matrix. Each of the k rows of Q is associated with the restriction to zero of one parameter in (. Each element in each row of Q is given the value of one if the associated parameter in ( is zero under the null hypothesis of non-causality, and it is given the value of zero if there is no such restriction under the null hypothesis. By utilizing these compact notations, the null hypothesis of non-Granger causality can also be defined as

[image: image14.wmf]0

:

0

=

b

Q

H

.  






(5)
The W test statistic is asymptotically (2 distributed with the number of degrees of freedom equal to the number of restrictions under the null, which is equal to the lag order k, in this particular case.
3. Monte Carlo Simulation Design and Bootstrapping

The true data generating process (DGP) for our simulations to check the size and power properties of W test statistic is the following two-dimensional order-two VAR model:
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where yt = (y1t, y2t)( and yit, i = 1, 2 is a scalar variable. The off-diagonal elements are equal to zero when size properties are investigated. The error terms vector 
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 are generated to be either homoscedastic or characterized by autoregressive conditional heteroscedasticity (ARCH). In the conditionally heteroscedastic scenario the simulations are conducted when the variance of the error terms can be defined by the two dimensional ARCH
:
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Here 
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 signifies the conditional variance for variable i (
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) at time t. The formulation of ARCH by equation (7) ensures that the conditional variance is equal to the unconditional variance. It is a necessary condition for the comparison of the simulation results for homoscedastic and conditionally heteroscedastic cases to make sense. For proof of this results see Hatemi-J (2004). It should be mentioned that we produce 100 presample observations in order to cancel the effect of starting up values. These observations make it possible to have the same number of observations in estimating the VAR model in spite of the lag length. We also calculate the modulus of each eigenvalue of the following companion matrix (C): 
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(8)

The modulus is the square root of the summed squares of the real and imaginary eigenvalue components and it is calculated to check the stability condition of the VAR model. The VAR model is stable if each modulus is less than one. The stability of the VAR model implies that each variable in the VAR is stationary. The theory in finance is usually based on returns, which are usually stationary with time-varying volatility, i.e. ARCH effects exits. For this reason we investigate cases when the data is stationary but conditionally heteroscedastic.
 
The simulations are conducted as follows. First, we estimate the following VAR(k) model:
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(9)

Then, we determine the lag order by applying an information criterion suggested by Hatemi-J (2003). This information criterion is defined as
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(10)

The notations used are defined the following:

ln = the logarithm with natural base, 
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= the determinant of the estimated variance-covariance matrix of error term vector ut when the VAR model is estimated using lag order k, 

n = the dimension of the VAR model (i.e. the number of variables in the VAR model, which is two in this case), 

T = the sample period (the number of observations during the time for each variable) utilized to estimate the VAR model, and

K = the maximum lag order, which is seven in this particular case.
The lag order that minimises HJC is selected as the optimal lag order. This information criterion seems to be robust to ARCH effects and it has good forecasting properties according to simulation results in Hatemi-J (2005).

The next step in our design is to calculate the W test statistic for testing the hypothesis that y2t does not cause y1t. Then, we find out whether the hypothesis is rejected at the (-level of significance (( = 1%, 5%, or 10%) based on (i) the asymptotic distribution and (ii) a leveraged bootstrapped distribution. The bootstrap distribution is expected to be more precise in small sample sizes and when non-normality or ARCH effects prevail.
 
The bootstrap simulations are performed in the following way.  We first estimate the equation (9) using the optimal lag order k without imposing any restriction implied by the null hypothesis of non-causality. Then, we generate the simulated data, denoted by 
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for the period t = 1, . . ., T ,. Note that the circumflex above a variable represents its estimated values.  
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 is the bootstrapped residuals, which are based on T random draws with replacement from the regression’s modified residuals (to be defined below), each with probability mass 1/T. These residuals are mean adjusted in each independent draw to make sure that the expected value of the residuals is equal to zero. The modified residuals are the regression’s raw residuals modified via leverages
 to have constant variance. To be clear about leveraged modification, it is necessary to introduce more notations. We define 
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 is defined as a row vector of the lag L values for variable yit during the sample period t = 1, . . ., T. Let us also define  
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 for i = 1, 2. For the equation that generates y1t, the independent variable matrix for the regression is V1; this equation is restricted by the null hypothesis non-Granger causality. For the equation that generates y2t, the independent variable matrix for the regression is V; this equation is not restricted by the null hypothesis non-Granger causality and it includes the lag values of all variables in the VAR model. Now we are in the position to define the T(1 leverages vectors for y1t and y2t as the following:
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These leverages are used to modify the residuals in order to take into account the effect of ARCH. The modified residual for yit is produced as
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Where lit is the tth element of hi, and 
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 is the raw residual from the regression for yit.

We carry out the bootstrap simulation 800 times and afterwards we produce the W test statistic each time. In this way we can construct an approximate distribution for the W test statistic. Subsequent to these 800 estimations we discover the (()th upper quantile of the distribution of bootstrapped W statistics and find the (-level of significance “bootstrap critical values” (
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). Finally, we compare the calculated W statistic using the original simulated data (not the data that is generated via bootstrap simulations). If the calculated W statistic is higher than the bootstrap critical value 
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 then the null hypothesis of non-causality is rejected based on bootstrapping at ( level of significance. 

4. Case Specifications and Results

In our simulations the cases that are considered encompass all variables which are stationary for a sample size T = 50, and two different error-generating processes (homoscedastic and ARCH). The size properties of the test are evaluated for the significance levels 1%, 5% and 10%, respectively, and the power is investigated using 5% significance level. Numerous combinations of the parameters in the underlying model are used in the simulations to make the results more representative. The parameter set for evaluating the size properties consist of the following:
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The parameters are given in equation (6). The power properties of the test statistics for causality are investigated when the of-diagonal elements are different from zero (i.e. 
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). For each parameter combination we perform 1000 Monte Carlo simulations. Each of those 1000 simulations has an associated 800 bootstrap simulations.

The simulation results are presented in Tables 1-2. Two measures are used for evaluation of the size properties. The first one is simulated size properties. The closer the simulated size is to the nominal size, the better the size performance of the test. As is evident in Table 1, the W test performs well regardless of if asymptotical critical values are used or bootstrap critical values if there is no ARCH effect. However, a W test based on asymptotic critical values has serious size distortion compared to the bootstrap test if the data is characterized by the ARCH effects. This is especially evident from the simulation results of the absolute deviation from nominal size.
Table 1: Simulated size in percentage for T = 50.

	
	% rejecting the null hypothesis using (2 distribution
	% rejecting the null hypothesis using bootstrap distribution

	Nominal

significance level
	Without ARCH 
	With ARCH
	Without ARCH 
	With ARCH

	1%
	1.4
	2.8
	1.5
	1.6

	5%
	6.5
	8.6
	6.0
	6.1

	10%
	11.4
	14.5
	11.5
	10.9


Table 2: Average absolute deviation from nominal size in percentage for T = 50.

	
	% absolute deviation from nominal size using (2 distribution
	% absolute deviation from nominal size using bootstrap distribution

	Nominal

significance level
	Without ARCH 
	With ARCH
	Without ARCH 
	With ARCH

	1%
	5.2
	7.0
	4.2
	4.3

	5%
	17.3
	20.1
	6.6
	7.1

	10%
	28.4
	31.8
	11.8
	11.8


5. An Application in Finance
The method suggested in this paper is applied to testing causality between returns of the US Financial Index and returns of the UK Financial index using weekly data during the period 15/9/1989-14/6/2006. The data is collected from the data-base Ecowin. The optimal lag was selected to be one week based on equation (10). It should be mentioned that a maximum lag order of 40 was considered. The residuals in the VAR model were tested for multivariate ARCH effects by using Hacker and Hatemi-J (2005) test. The results, not presented, showed that the null of no multivariate ARCH effects could be strongly rejected. Thus, applying the bootstrap-corrected test seems to be required in order to obtain more precise empirical results regarding the potential causal relationship between the underlying returns. The issue is important from a financial economic perspective for two reasons. To find out whether the variables cause each other or not provides knowledge about:
(i) The informational efficiency or non-efficiency of the financial markets, and
(ii) The existence or non-existence of international portfolio diversification benefits between the markets.
The results of the causality tests are presented in Table 3. These results reveal that there is no causal relationship between the variables at the conventional 5% significance level.
 The implication of this result is twofold. One implication is that the markets are informationally efficient and the possibility of abnormal returns through arbitrage is ruled out. The other implication is that investors can reduce the risk of their investment for the same expected returns if they establish portfolios that consist of both markets rather than consisting of only one market. Thus, international portfolio benefits seem to exist between the financial sectors in the US and the UK.
Table 3: The Results of Test for Causality Using the Bootstrap-Corrected test.

	The Null Hypothesis
	The Estimated Test Value

(W)
	1% Bootstrap Critical Value
	5% Bootstrap Critical Value
	10% Bootstrap Critical Value

	US (> UK
	0.033
	8.279
	2.705
	1.442

	UK (> US
	2.188
	9.559
	3.271
	1.938


Notes: W represents the test statistics that is defined by equation (4).
6. Conclusion

The objective of many empirical studies is to investigate the causal relationship between the underlying variables. Significance tests are used to test whether the past values of a variable can affect the value of another variable in a VAR model framework. This is basically testing for causality in the Granger’s (1969). There are several test methods available in the literature for this purpose. See among others Granger (1969, 1988), Toda and Yamamoto (1995) and Hacker and Hatemi-J (2006). In the existing literature it is assumed that the lag order in the VAR model is known. However, in empirical studies the lag order is not known and it has to be selected first and then test for causality can be conducted using the selected lag order. In this paper we investigate situations where the lag order is determined endogenously when test for causality is conducted. We concentrate on cases that are similar to the data generating process for returns because returns are the core of theory in finance. Returns are usually stationary but non-normal and conditionally heteroscedastic. Our simulations show that testing for causality in presence of ARCH effects when the lag order in not known a priory based on asymptotic distributions can be misleading. A bootstrap-corrected test adjusted by leverages seems to work betters in terms of both size and power. An application for testing the causal relationship between the US and the UK financial markets is provided. It is found that the markets do not cause each other, implying that the markets are informationally efficient and international portfolio diversification benefits exist for the investors in these two of the largest financial markets in the world. In order to check the generality of the empirical findings in this paper, there is a need for more studies in the future applying the suggested method.
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� For a test of multivariate ARCH effects in the VAR model the interested reader is referred to Hacker and Hatemi-J (2005).  


� It should be mentioned that in equation (8) it is assumed that the lag order is two. However, if the lag order is different from two then the dimension of the C matrix is different.


� The bootstrap approach is introduced by Efron (1979). It is a resampling method of the data to generate the distribution of a test of parameter. This distribution can reduce bias in inference by making available more precise critical values. 


� Leverages are suggested by Davison and Hinkley for univariate. Hacker and Hatemi-J (2006) generalized leverages to multivariate cases. 


� Note there is causality from the UK market on the US market at the 10% level of significance.
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