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ABSTRACT


The model developed in this paper tries to integrate the credit and equity markets within a consumer’s utility maximization framework by introducing a dynamic credit constraint in addition to the dynamic budget constraint. The main result shows that a discount rate that is lower than both ‘rate of return on investment’ and ‘interest rate on credit’ would make a consumer to postpone his current consumption and invest the money to grow wealth for financing future consumption growth. The growth rate in consumption was shown to depend inversely with the relative risk aversion coefficient. Optimal consumption function is shown to be increasing in rate of return from the capital market. 

INTRODUCTION

In a standard one-period utility maximization framework, the budget constraint is assumed to be always binding, leaving no scope for savings within the framework. Multi-period models of consumer behavior incorporate savings (or investment) in the budget constraint and thereby integrate capital-market in some form or the other. There are many papers that derive optimal consumption rules in a multi-period setting. Most notables among them are overlapping generation models developed by Ramsey (1928), Cass (1965), Koopmans (1965), and Diamond (1965).  These papers develop the conditions under which consumption will grow over time.

In multi-period models of consumer behavior, a consumer maximizes his lifetime utility derived from consumption of different goods and services subject to a dynamic budget constraint spanning the entire lifetime – for example, see Romer (2002), Hall (1988). These models typically assume that consumers derive income from regular wage earnings, interests from savings account and returns from capital market. Some of these models also allow for the possibility of borrowing but assume that the borrowing rate of interest is same as the interest earned from savings (Somerville, 2004). This assumption essentially makes it impossible to analyze the interaction between credit market and capital market. The assumption itself is also highly debatable given that a typical consumer has to pay a higher interest rate on loans and credits than the interest rate earned from savings (Stiglitz, 2003). In the financial literature, Merton (1969 and 1971) also formulated a consumer’s utility maximization problem in a multi-period setting subject to a stochastic differential equation and derived the optimal consumption and investment rules. None of these papers however incorporated ‘credit’ explicitly in their models. 

Consumers sometimes have to make decisions about whether to obtain a loan, that is, use credit, for a specific consumption item or to draw money out from savings or capital account. This paper concentrates on such a consumer whose consumption depends on the choices he makes about how and when to use credit account versus equity accounts so as to maximize utility from lifetime consumption and wealth. The model developed in the paper tries to integrate the credit and equity markets within a consumer’s utility maximization framework by introducing a dynamic credit constraint in addition to the dynamic budget constraint. Introducing the credit market and capital market into a consumer’s utility maximization model makes it more realistic representation of actual behavior of a typical consumer.

In the next section, a multi-period model of consumption and wealth is developed and optimal conditions for consumption and wealth growth are derived. The resulting system of first order equations completely defines how much to consume and how much wealth to hold in each time period n to maximize the lifetime utility. Optimal consumption function and wealth function are derived next for a Cobb-Douglas utility function as a case study. Economic interpretations of the results are discussed next including the dynamic behavior of the consumption over time. Many of these results can generate insights that can be used in practice as a personal financial management tool. 

A MULTI-PERIOD MODEL OF CONSUMPTION AND WEALTH GROWTH

Suppose a rational consumer is trying to maximize the discounted utility stream over his lifetime (say T periods) by carefully choosing the rate of consumption and wealth at each time period. The aggregated discounted utility
 over time-period T can be expressed as
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(1) 

where ct is the consumption at the time period t and wt is the stock of wealth that the consumer has accumulated up to time period t. The terminal time, T, is assumed to be fixed and finite. In a multi-period model, utility streams of future time periods have to be discounted by discount factor, (. The utility function (1) follows the usual properties with respect to consumption and wealth – the first partial derivatives are strictly positive and second partial derivatives are strictly negative – that is 
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<0. That is, the marginal utilities of additional consumption and wealth are positive, and diminish as the level of consumption and wealth increase. In addition, the utility function is assumed to be jointly concave in ct and wt the – that is, (
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In equation (1) above, utility function is assumed to depend not only on the consumption of goods and services but on wealth-level as well. The assumption stems from the idea that a consumer with a certain level of consumption and a positive level of wealth will have higher utility than with the same consumption and zero wealth. Wealth, in itself, may not have any direct utility associated with it but wealth provides the opportunity to increase current or future consumption at the discretion of the consumer
. It also provides a consumer an added security by providing the means for an unforeseen event (precautionary savings). 

The consumer’s budget constraint in a multi-period continuous model becomes a differential equation such as
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(2) where kt is the amount invested in the equity market at time period t, bt is the amount of credit (loan) balance at time period t. Interest earned from capital invested in equity market is r percent (assumed to be risk-less) and interest paid to the credit balance is i percent, where i > r. It is the wage income earned at time period t, which is exogenous. Equation (2) describes the changes in investment over time. It simply states that change in investment depends on the difference between income earned from wage and investment in the capital market and expenses on consumption and interest payment on debt. Investment in this model is akin to savings that a consumer generates in each time period and wealth is the accumulated savings over time. Investment in this model is a flow variable while wealth is a stock variable. 

The consumer also faces a dynamic credit constraint that describes the evolution of credit usage (that is credit balance) over time and can be described as
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(3)

It depends on the interest expenses on the credit (or loan) balance and the level of wealth that the consumer has. The consumer’s wealth plays a role in the evolution of credit balance because one can chose to transfer some fund from the existing wealth and pay down the outstanding credit balance. In general, it can be said that higher the wealth level the lower the credit borrowing will be. This is a hypothesis that can be tested empirically but not pursued in this paper. 

The consumer has to maximize the discounted lifetime utility, equation (1) subject to the dynamic budget constraint, equation (2), and the dynamic debt constraint, equation (3). The following boundary conditions have to be satisfied k(0) = 0, k(T) = 0, b(0) = 0 and b(T) =0. Investment and debt holding at the initial period are assumed to be zero. The terminal period debt has to be zero because, if not, then the consumer will accumulate unlimited amount of debt to fund increasing amount of consumption. The terminal period investment has to be zero because there is no use of any additional investment.

This is a dynamic optimization problem and will be solved via optimal control techniques outlined in Kamien & Schwartz (1981). The Hamiltonian for this optimization problem is 
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 (4)

where consumption (ct) and wealth (wt) are the control variables and investment (kt) and debt (bt) are the state variables. Solution to this optimization problem will give us the optimal consumption and wealth functions.


First order optimality conditions with respect to the control variables, ‘ct’ & ‘wt’, are the following:
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(5)

and
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(6)

Multiplier equations (also known as co-state equations) with respect to the state variables, ‘kt’, ‘bt’ are the following:
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(7)

and
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(8)


To ensure that the first order conditions also satisfy the sufficient conditions for maximization we need to make sure that the constraints are linear in their arguments and the objective function is concave. Because, if these conditions hold, then by Mangasarian Theorem (1966) we can say that the necessary conditions are also sufficient conditions for Maximization. We assume that g(w) function in equation (3) is linear. Therefore the constraints in this model, equations (2) and (3) are linear. The utility function in this paper is assumed to be concave in Ct and Wt. Thus, the sufficient conditions are met.

The Solution

Equations (5) through (8) form a system of non-linear partial differential equations. Equation (5) can be solved to get the optimal value for (1 which is
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Taking derivative of (1 with respect to time, t, we get
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Plugging the value of (1 and (/1 in equation (7) and then re-arranging the terms we get
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Equation (11) provides the optimal consumption rules for each time period for the consumer. Since 
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 can be positive only when r > (, that is, the optimal consumption path grows over time only when rate of return from invested capital is greater than the discount rate. If the return that can be achieved by investing money (rather than spending on current consumption) exceeds the loss in utility from postponing the consumption in the future, a rational consumer will push back some current consumption to the future. That extra investment will grow to make the future consumption growth possible. Similarly, if r < (, the consumption will be falling over time.


Equation (6) can be simplified to get, 
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 Taking derivative of (2 with respect to time, t, we get the following:
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Substituting the value of (1 from equation (9), (2 from (12) and 
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 from (13) into equation (8) and after some algebraic manipulation, we get the following solution for wt/
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(14)

Equation (14) produces the optimal solution path for wealth for each time period. Even though it seems from equation (14) that growth of wealth (wt/) is independent of rate of return earned from capital market (r) but that is not always the case. It depends on the specific form of the utility function. For example, see equation (25) below.


Equations (2), (3), (11), and (14) together form a dynamic equation system for four unknowns, kt, bt, ct, wt. Given the non-linear interactions and complexities of these equations, particularly of equation (14), it is quite difficult to solve the system without imposing further structure on the model. In the section below, a particular specification for g(w) function is assumed and a more succinct condition for wealth growth is derived.

EFFECT OF LINEAR WEALTH ASSUMPTION IN DYNAMIC CREDIT CONSTRAINT


The dynamic credit constraint (3) postulates that the changes in credit balance depend on current credit balance and level of wealth. The higher the credit balance, the higher is the interest payment and higher will be the growth in debt. Wealth is assumed to have a negative effect on the growth of credit. I assume g(w) to be a linear function of wealth, i.e.,  g(w)=(w, where ( is a positive constant. Therefore, the first partial derivative, g/(w) = ( > 0 and g//(w) = 0. Under these additional specification, equation (14) reduces to 
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Since U//w < 0, it is easy to see that the only way wt/ in equation (15) can be positive iff
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This can be rearranged to get  
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. Therefore, the final condition for wealth to grow over time is i > (. Wealth will rise over time only when interest rate charged on credit exceeds the discount rate. 

To see the economic intuition behind this condition, consider an example. Suppose a consumer has to make a choice between borrowing $1,000 at 8% interest rate for certain consumption or postponing that consumption one period with a discount rate 5%. If borrowed for current consumption, the consumer has to pay $80 in interest at the end of the current period. On the other hand, if the consumption is postponed one period, the loss in value from the delayed consumption will be $50. Obviously, it is better for a rational consumer to postpone the current consumption to the future. That way the consumer will save $30 and that savings can be invested to grow more wealth.


The preceding analysis above shows that a discount rate that is lower than both ‘rate of return from the capital market’ and ‘interest rate on credit’ would make a consumer to postpone his current consumption and invest to grow wealth for future consumption growth. Conversely, a discount rate higher than the rate of return and rate of interest would lead a consumer to increase current consumption and accumulate debt over time. If however, (r < ( and i > () or (r > ( and i < (), then the final outcome will depend on the strength of the opposing forces. These results are similar to what Romer (2002) finds ‘a high discount rate tends to make households want to have high consumption. All else equal, this would lead them to have negative savings – that is, to be in debt – early in life.”

COBB-DOUGLAS UTILITY FUNCTION – AN APPLICATION


The system of optimality conditions derived in above cannot be solved explicitly to get the optimal solution for consumption and wealth function. In order to do that, we need to impose more structure on the model by assuming a particular utility function. Let’s assume that the consumer’s utility function is Cobb-Douglas type in consumption (c) in wealth (w):
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where ( < 1 and ( < 1 and (+( <=1. These restrictions on the parameters will ensure that the Cobb-Douglas utility function is concave in c and w. 


The optimality condition (5) and multiplier equation (7) become
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and   
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Equation (18) is an ordinary differential equation. The general solution for such equation is 
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 where m is a constant. To get a definite solution we use the fact that at the initial time period, that is at t=0, (1(t=0) = 1. This assumption is actually a necessary optimality condition
. Using this, the definite solution of this simple differential equation can be shown as -
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Substituting the value of (1(t) in the equation (17), we can solve for the optimal consumption function as




[image: image41.wmf])

1

(

1

t

t

)

r

(

*

t

w

a

e

C

-

a

g

-

b

ú

û

ù

ê

ë

é

a

=







(20)

Similarly, the optimality condition (6) becomes
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Multiplier equation (8), upon substituting the value of (1(t) from equation (19), becomes
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Equation (22) is an ordinary non-homogenous differential equation that explains the dynamic motion of (2(t). The general solution for such a differential equation is the following:
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Using the initial condition that at t = 0, (2(t=0) = 1, we can solve for the constant term as, 
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. Using that we find out the definite solution of the differential equation (22) as
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Substituting the value of (2(t) in equation (21) and after some algebraic manipulations, we get the optimal solution for the wealth as
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In this example, optimal consumption in equation (20) depends on wealth level and optimal wealth in equation (25) depends on the level of consumption. This property may not always hold true – it largely depends on the form of the utility function.

ECONOMIC INTERPRETATION OF THE RESULTS

Optimal consumption function, Ct* , depends on wealth, rate of return in the capital market (r), discount rate (() but not on interest rate on credit balance (i). Additionally, under the special case of (+(=1, the optimal consumption function reduces to 
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This shows that Ct* is proportional to wealth. The marginal propensity to consume out of wealth is positive because 
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, since ( is assumed to be less than 1. The effect of increase in rate of return from the capital market on consumption can also be verified as positive because 
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given that ( < 1. Under the special case of (+(=1, where ( is strictly less than 1, 
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One might be tempted to say that increase in r will reduce the current consumption and raise savings which will enable a consumer to have higher future consumption. This is the usual substitution effect argument. However, a rise in rate of return, r, will produce additional interest income from the capital currently invested that can be used to maintain the current level of consumption. This is the income effect of rising rate of interest. If the current wealth is zero, then the income effect is zero.


We can also derive the equivalent of condition (11) above for the Cobb-Douglas utility function as 
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, where (=(1 - () is the relative risk aversion coefficient for consumption. From this relationship, it is clear that the consumption grows over time when r > (. And the optimal consumption growth rate varies inversely with the relative risk aversion coefficient. The higher the risk aversion, the lower will be the growth rate of consumption. ( determines the growth rate of consumption when rate of return diverges from the discount rate.


The optimal wealth function depends on consumption, rate of return in the capital market (r), discount rate ((), and interest rate on credit balance (i). Under the special case of (+(=1, the optimal wealth function can be rewritten as 
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DYNAMIC BEHAVIOR OF THE CONSUMPTION


To check the dynamic behavior of consumption to wealth ratio, 
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, let’s rewrite equation (26) as  
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 Since ct* is a flow variable in this model and wt is a stock variable, as t ( (, the ratio 
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has to be larger and larger to drive the terminal wealth to zero (that is WT = 0). The validity of this statement will depend on the relationship between ( and r. 

 
If the rate of return is greater than discount rate ( that is r > ( ), as 
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 will be rising over time. Conversely, if the discount rate is greater than rate of return ( that is ( > r ), as 
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 will be falling. For the special case of ( = r, 
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 for all time periods and we have 
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 which is a constant and the consumer will achieve a steady state. These arguments are illustrated in the Figure 1 below.  


In a booming stock market, when the rate of returns are comparatively high, return on investment can easily be higher than the discount rate for many consumers. And we see more money pouring in
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the stock market because people are saving more. However, that situation changes in a low-return environment where return is so low that discount rate becomes bigger than the investment returns. Under that scenario, consumers get discouraged to put any money in the market and thereby increase the current consumption – jeopardizing the future consumption growth. 

CONCLUDING REMARKS


This paper extends the dynamic models of inter-temporal consumption by introducing credit constraint into a consumer’s utility maximization problem. The discounted stream of life-time utilities was maximized subject to a dynamic budget and dynamic credit constraints. The quantitative model was solved by using a dynamic optimization technique and the necessary and sufficient conditions for consumption and wealth growth were derived.  

 
It was shown that a discount rate that is lower than both ‘rate of return on investment’ and ‘interest rate on credit’ would make a consumer to postpone his current consumption and invest the money to grow wealth for financing future consumption growth. Conversely, a discount rate higher than ‘rate of return’ and ‘rate of interest’ would lead a consumer to increase current consumption and be in debt over time. 


Using Cobb-Douglas utility function, explicit solutions for optimal consumption function and wealth function were derived. The optimal consumption function was shown to depend on wealth, return from the capital market and discount rate but not on interest paid on the credit. Optimal wealth, however, depends on wealth, return from the capital market, discount rate, and on interest paid on the credit. This inter-dependency of consumption and wealth however depends on the specification of the utility function used in the analysis. The marginal propensity to consume out of wealth for the Cobb-Douglas utility function was positive as expected.  The growth rate in consumption was shown to depend inversely with the relative risk aversion coefficient. The higher the risk aversion, the lower the growth rate of consumption. Optimal consumption function was shown to be increasing in rate of return from the capital market. 


Finally, the dynamic behaviors of ratio of optimal consumption function to wealth, 
[image: image67.wmf]t
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, were derived for different combinations of rate of returns and discount rates (Figure 1).  Using these results one can explain partially why the stock market sees an influx of investment during boom period and vice versa.


A future extension of the paper will incorporate the uncertainty in the model by assuming that the return from the capital market is variable. That would enable the model to produce rules for portfolio selection, in addition to other results.
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* The views expressed here are personal opinion of the author and do not reflect the views of JPMorgan Chase in any way.  


� A variation of von Neumann-Morgenstern utility function.


� Wealth as an independent variable in the utility function is routinely used in the analyses of choice under uncertainty. For a nice overview of this topic, see Machina (1987).


� See page 137 of Kamien & Schwartz (1981).
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