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Abstract

This study on the term structure of interest rates using the Vasicek model (1977) and the Cox-Ingersoll-Ross (CIR - 1985) model covers three major aspects.  The first concerns the fitting of Thai data to these models to see how well they approximate movements in the Thai market.  The second relates to testing which model is more accurate in forecasting. The third involves the strategic use of these models in generating abnormal returns from the estimated yield curves.  Data samples employed in the study consist of Treasury bill and government bond prices for the period January 1999 to January 2004 from the Thai Bond Dealing Center (ThaiBDC).  Results reveal that CIR is the better model in terms of fitting Thai historical data as well as more efficient in forecasting bond prices due to lower residuals or errors.  A contrarian trading rule was introduced in the study to measure abnormal returns, with results indicating that such returns are not significantly different between the models. 

Modeling the Term Structure of Interest Rates in the Thai Market
I. Introduction
The term structure of interest rates or yield curve shows the relationship between the interest rate and time to maturity of a bond and plays an important role in pricing all fixed-income securities as interest rates are used in time discounting.  It is an important factor in corporate investment decision-making which relies on expectations regarding alternative opportunities and the cost of capital, both of which depend on the interest rate.  The term structure of interest rates provides information about future economic trends as perceived by the capital market and is an important tool in monitoring the economy for both policy makers and financial institutions.

There are two main approaches in modeling the term structure of interest rates. The first is based on an equilibrium model incorporating both asset prices and other economic variables, the most famous of which are the Vasicek (1977) and Cox-Ingersoll-Ross (1985) (henceforth referred to as CIR) models. The second focuses on estimating the term structure of interest rates directly by using historical data on asset prices without considering other economic factors. Well known studies in this second group include those of McCulloch (1971) and Nelson and Siegel (1985).
Numerous studies on the term structure of interest rates have been conducted in well-developed capital markets, such as the U.S, Japan, UK and other European countries.  These studies focuses mainly on Treasury bill and government bond yields because such securities are regarded as having low or no default risk.

However, estimating the term structure of interest rates in most emerging markets such as Thailand is quite problematic because of the relatively small market size with little liquidity.  Although information on yield curves for government bonds have been made available to the public by the Thai Bond Dealing Centre (ThaiBDC) since 1999, but Choudhry (2004) suggested that, when modeling the term structure in a developing or emerging market, it is more efficient to use an equilibrium model when reliable market data is not available. 
Past studies on the Thai bond market, including those of Jornjaroen (2000), Thammapukkul (2000), Thanakamonant (2000) and Phannikorn (2001), mainly investigated the relationship between the term structure of interest rates and other economic variables. These studies related bond yields to other economic indicators such as GDP growth and expected inflation. Other studies concentrated mainly on ways in developing the Thai bond market. 
Studies by Herring and Chatusripitak (2000) as well as Barry and Luengnarumitchai (2004) pointed out increased financial market instability due to the absence of an active bond market while other studies cover mainly bond market liquidity, including the amount of bonds issued, bond trading and bond maturities.  No attempt has however been made at modeling the yield curve in Thailand.  This is not surprising considering that an active bond market only took hold after the economic crisis of 1997.
This study aims to remedy such shortcomings by employing the Vasicek (1977) and CIR (1985) equilibrium models to study the Thai term structure of interest rates.  In addition to identifying the model which would better fit Thai market data, the study also tested the estimated models in terms of forecasting efficiency as well as trading efficiency. 

Both the Vasicek (1977) and CIR (1985) models assume continuous changes in the short rate (r) which causes volatility or uncertainty. The stochastic process includes a drift parameter as well as a volatility parameter, the latter of which depends only on the short rate r and not on time. These two models include different variables, resulting in different shapes for the estimated yield curves.

The study separated Thai historical data samples into two sub-periods.  Data for the earlier sub-period were used to estimate the yield curve while data for the latter sub-period were used to for comparing with forecast results generated by these models estimated from the earlier period.  Portfolios were then constructed utilizing these estimated yield curves to find out which is the more efficient model in generating abnormal returns. 

Following this section, Section II reviews the theoretical basis as well as earlier empirical work on these two term structure models.  Research methodology employed in the study and data descriptions are presented in Section III while Section IV discusses the empirical results and Section V summarizes the conclusions and provides suggestions for further study.

II. Theoretical Background and Prior Research

A. Theoretical Background

An equilibrium model of the term structure of interest rates is derived from a general equilibrium model of the economy, employing constant parameters as well as a constant volatility in the short rate.  Actual parameters are often calculated from historical data.  Popular models consist of the Vasicek (1977) and CIR (1985) models.

These two models are traditional one-factor equilibrium models based on only the volatility of the short rate as well as incorporating a mean reversion feature that does not take into account price trends similar to that of stock prices, that is, interest rates tend to revert back to the long-run level over time. The difference between these two models is in the handling of yield volatility. 
1. The Vasicek Model
The Vasicek model (1977) assumes that the term structure of interest rates at time t is r (t), which follows the mean-reverting process of the following form:
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A small change in the short rate (
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) from an increment in time (
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) includes a drift back to the mean level 
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while the second term in Equation (1) involves uncertainty, dz (t), which is represented by the standard Brownian motion.  The short rate 
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 is assumed to be the instantaneous rate at time t appropriate for continuous compounding.  

In this one-factor model, bond and bond option values are solely determined by the short rate.  As derived in Harrison and Kreps (1979) and extended by Harrison and Pliska (1981), bond value 
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 in a risk -neutral economy discounted at time t with a maturity of 
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 and a face value 1 can be expressed as follows :
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Given expectation 
[image: image10.wmf]t

E

~

 with respect to the risk –neutral stochastic process, the spot rate can be estimated as follows :       
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Expected yields calculated can then be used to find the bond value:
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The yield to maturity of a bond is defined as 
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As the maturity increases from 
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 EMBED Equation.3 [image: image18.wmf]                 
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The process that exhibits a mean-reverting feature in the Vasicek model is the parameter 
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 which may be regarded as the equilibrium level of the short-term interest rate, around which it stochastically evolves. When the interest rate falls below (above) its long term value
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, the expected instantaneous change in interest rate is positive (negative). In this case, the short-term interest rate will tend to move up (down).  It will move toward its long-term value quickly when it is far from it and when the parameter 
[image: image21.wmf]k

(speed of return to the long term mean value) is high. The volatility of the short rate is assumed to be normally distributed. One drawback of the Vasicek model is that the interest rate can become negative, although the probability is quite small in practice. 

The purpose of equation (5) is to ensure positive interest rates at all maturities with the simple parameter restrictions 
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While the Vasicek model assumes that the volatility of the short rate is independent of the level of the short rate, this is certainly not true at extreme levels of the short rate. Periods of high inflation and high short-term interest rates are inherently unstable and, as a result, the volatility of the short rate tends to be high. Furthermore, when the short-term rate is very low, its volatility is limited by the fact that interest rates cannot decline much as it approaches zero.

2. The CIR Model
The CIR model overcomes the negative interest rate problem. Under the model, the risk-neutral dynamics of the short rate is described by the equation:
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 is the mean reversion coefficient,
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 is the mean level, 
[image: image30.wmf]s

is the proportion of the square root of the level of interest rate and 
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 is a Wiener process. This model has the same mean reverting drift as the Vasicek model, but the standard deviation of change in the short rate in a short period of time is the proportion of the square root of the level of interest rate.  It means that, as the short-term interest rate increases, its standard deviation increases. This model overcomes the negative interest rate problem. 
Under the CIR (1985) model, P(r, t) at time t for all interest rate dependent claims in the economy satisfy the following version of the fundamental valuation equation for a bond:
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and the conditional variance is given by 
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With the boundary condition that 
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Given the relevant expectation, we can obtain the bond price as follows
:
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where  
[image: image37.wmf]t

T

-

=

t

                                 



                                   (12)
     

[image: image38.wmf](

)

(

)

(

)

(

)

2

~

2

~

2

1

~

2

s

g

k

gt

t

g

k

g

g

k

g

t

+

+

ú

û

ù

ê

ë

é

+

-

+

=

e

e

A



     



[image: image39.wmf](

)

(

)

(

)

(

)

g

g

k

t

gt

gt

2

1

~

1

2

+

-

+

-

=

e

e

B

    


[image: image40.wmf]
     
[image: image41.wmf]2

2

2

~

s

k

g

+

=



[image: image42.wmf]
    
[image: image43.wmf]g

k

kq

+

=

¥

~

2

R



[image: image44.wmf]and

[image: image45.wmf]
       
[image: image46.wmf]l

k

k

-

=

~

                                                         


A bond is commonly quoted in terms of its yield rather than price. Given the bond’s yield to maturity on a 
[image: image47.wmf]t

- period zero-coupon bond, 
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 can be estimated from equation (9) as follows:
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The CIR and Vasicek models are single factor equilibrium models of the term structure providing equilibrium asset prices and free of arbitrage opportunities. Specially, the CIR model retains the feature that interest rates cannot be negative. It is interesting to find out which is a better model in estimating market price.

B. Prior Research
One of the most popular area of study involving the Vasicek and CIR models concerns comparing the models’ performance in pricing and trading.  These studies can be divided into two groups: one on historical asset pricing and the other on utilizing the models for trading.
The first extensive empirical study of the first group using was undertaken by Brown and Dybvig (1986) employing the CIR model and using observed US treasury bill, note and bond prices over the period 1952-1983.  Parameters producing the best least squares fit were estimated for the model.  This approach was further extended by Barone, Cuoco, and Zautzik (1991), Gibbons and Ramaswamy (1993) and Brown and Schaefer (1994).
Studies comparing the CIR and Vasicek models include those of Longstaff (1989) and Longstaff and Schwartz (1992).  These studies using time series data found the CIR model to be superior to the Vasicek model.  In contrast, Pearson and Sun (1994) concluded that the CIR model failed to provide a good description of the bond market. 

De Munnik and Schotman (1994) compared time series and cross-section estimates of the Vasicek and CIR models for the Dutch bond market.  They did not find significant differences of price estimates from cross sectional data between the two models.  However, they found the CIR model to be better at pricing assets than the Vasicek model.
 Numerous studies have been undertaken employing panel data, consisting of both time series and cross sectional data, including those of Chen and Scott (1993), Pearson and Sun (1994), Babbs and Nowman (1999), Geyer and Pichler (1999), Jong and Santa-Claa (1999) and Miyazaki and Tsubaki (2001).  However, the studies did not compare the efficiency of these two models.  
In the second group of study on trading, researchers attempted to find out whether the term structure models contain information about future bond returns and which is the better model in identifying a mispriced bond.  The studies focused on residuals or errors generated by the models and their usefulness to a bond trader and which is the better model in identifying mispriced bonds.  A simple trading strategy is generally employed using information generated by these models in order to identify the model that would generate a higher abnormal return. 
Sercu and Wu (1997) estimated yield curves as well as asset prices from the Vasicek and CIR models as well as using various Spline methods utilizing daily Belgian data.  Abnormal trading return based on residuals generated by the various models and methods were estimated.  They found the best results for the Vasicek and CIR models, while the traditional Spline model was inferior in fitting the data.

Ioannides (2003) adopted the work of Sercu and Wu (1997), also applying a contrarian trading strategy in buying or selling according to the proportion of mispricing.  Daily UK Treasury bill and gilt prices were employed in the study.  Results from the Vasicek and CIR models reveal that they perform better than their Spline counterparts which are characterized by linear functional forms. This second group of studies has yet to be undertaken for the Thai bond market. 
III. Methodology and Data
1. Methodology
This study employed the CIR and Vacisek models to the Thai market.  Estimation of the parameters of both models was achieved using nonlinear least squares (NLS) minimizing the sum of square errors and choosing the parameter 
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     for bond I at time t
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Since   
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  is the vector of  bond cash flow; 
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  is the corresponding payment dates;
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      is the discount bond prices are given by the Vasicek 
                          model and the CIR model
 .

Theoretically, equation (15) can be estimated for each trading day.  However, cross sectional price data was not available for every day in practice due to the absence of liquidity in the Thai market.  To resolve this problem, only the ends of month prices were utilized.  For those bonds without prices at the end of month, the latest previous prices were employed.   

The speed of mean reversion (
[image: image63.wmf]k

) is an intuitive way of describing how long it takes a factor to revert to its long term rate.  Mean reversion measures the length of impact resulting from new economic information or shock on the economy. These parameters (
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 for the CIR model) were estimated using a roll-over procedure for each month.

The estimated model parameters utilizing data for the period January 1999 to December 2003 were then used to forecast bond prices for the period from February 1999 to January 2004.  Forecasted prices were then compared to observed market prices to obtain mean absolute percentage errors (MAPE) as follows:
                          
[image: image68.wmf] 
[image: image69.wmf]å

=

-

=

n

i

it

it

it

P

P

P

n

MAPE

1

*

1

                                          (16)

This statistic calculates the average difference between observed price and the  fitted values. 

The estimated models were tested to find which is more effective one in generating abnormal returns given initial portfolios which were equally weighted according to maturity.  Abnormal returns were calculated for each model utilizing an equally weighted benchmark as well.
The study computes the residual for each bond, i.e., the model price minus the actual bond price. A positive residual implies that the bond is undervalued, while a negative residual implies that the bond is overvalued.  Trading is weighted according to the proportion of mispricing as follows:
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 The performance of the portfolio is measured by
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where     
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   is  the abnormal return of the portfolio
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   is the return of the portfolio at time t measured using equally weighted average.
2. Data

Data used in the study consisted of daily prices of government bonds and treasury bills covering the period January 1999 to January 2004 from the Thai Bond Dealing Center (ThaiBDC).  In addition to price, corresponding information on time to maturity, coupon payment, number of payment remaining and time for the next coupon payment were used.

IV. Empirical Result

Results from the study reveal that the CIR model outperforms the Vasicek model in terms of goodness of fit.  Furthermore, abnormal returns from the CIR model were found to be higher than the Vasicek model, although they were not significantly different in statistical terms. 
1. Pricing Performance 


One major application of the Vasicek and CIR models is in the valuation of bonds and other financial assets.  The study computed model prices and compared them to actual prices for each bond maturity.  Table I shows the mean absolute percentage errors (MAPE) for the two models.
Table I
Cross-sectional analysis of term structure of in sample
	Mean Absolute Percentage Error (MAPE)

	 
	Vasicek
	CIR
	t-statistics

	Mean
	0.6783
	0.6247
	3.68***

	Max
	23.4353
	17.4294
	

	Min
	7.6E-11
	1.4E-09
	

	SD.
	1.1612
	0.9045
	

	*** Significant at 1% level


MAPE was found to be lower for the CIR model at 0.62 % as compared to 0.68 % for the Vasicek model.  The standard deviation of the CIR model was also found to be lower at 0.90 % against 1.16% for the Vasicek model.
Table II gives the pricing performance of the competing models for different maturity ranges. 

Table II
Cross-sectional analysis of term structure of in sample classified by time to maturity
	Mean Absolute Percentage Error (MAPE) for each time to maturity range

	 
	<1Yr
	1Yr-5Yr
	5Yr-10Yr
	11-15Yr
	>15Yr

	(A) Vasicek
	
	
	
	
	

	Mean
	0.0803
	0.7769
	1.0646
	1.6695
	2.4953

	Max
	5.0807
	23.4353
	19.3363
	19.3363
	17.4294

	Min
	3.9E-05
	4.5E-10
	1.2E-09
	7.6E-11
	4.4E-10

	SD.
	0.2087
	0.7446
	1.3366
	2.3120
	2.3767

	
	
	
	
	
	

	(B) CIR
	
	
	
	
	

	Mean
	0.0791
	0.7564
	0.9274
	   1.5126
	2.3414

	Max
	5.1729
	7.8756
	15.2606
	13.9198
	17.4294

	Min
	3.1E-05
	2.1E-07
	1.4E-09
	3.2E-09
	2.4E-06

	SD.
	0.2059
	0.6227
	0.8806
	1.5757
	2.4462

	t-statistics
	0.38
	1.68**
	6.11***
	1.99**
	0.83

	*** Significant at 1%  level

	**  Significant at 5 % level


MAPEs and standard deviations were generally found to be smaller at the short end and increases at the long end. The results show that the CIR model is superior to the Vasicek model.  
Table III presents results from forecasting bond prices for the period February 1999 to January 2004. 

Table V
Cross-sectional analysis of term structure of out sample
	Mean Absolute Percentage Error (MAPE)

	 
	Vasicek
	CIR
	t-statistics

	Mean
	1.2824
	0.9859
	9.50***

	Max
	51.9384
	20.4034
	

	Min
	3.6E-05
	3.8E-08
	

	SD.
	2.6611
	1.8058
	

	*** Significant at 1 % level


The Vasicek model was found to produce a much higher pricing error (1.28%) over the corresponding CIR model (0.99%) because the volatility and standard error of the CIR model was much smaller than the Vasicek model.

Table IV exhibits the forecasting performance of each model according to maturity ranges.

Table IV

        Cross-sectional analysis of term structure of out of sample classified by time to maturity
	Mean Absolute Percentage Error (MAPE) for each time to maturity range

	 
	<1Yr
	1Yr-5Yr
	5Yr-10Yr
	11-15Yr
	>15Yr

	(A) Vasicek
	
	
	
	
	

	Mean
	0.0792
	0.01175
	0.02313
	0.03765
	0.04910

	Max
	5.1026
	0.17914
	0.42723
	0.51938
	0.25786

	Min
	3.6E-06
	7.8E-07
	1.8E-05
	6.8E-05
	1.6E-04

	SD.
	0.2066
	0.01604
	0.03649
	0.04558
	0.03692

	
	
	
	
	
	

	(B) CIR
	
	
	
	
	

	Mean
	0.0644
	0.0100
	0.0192
	0.0212
	0.0272

	Max
	2.8987
	0.1235
	0.1731
	0.2040
	0.1472

	Min
	7.0E-06
	3.8E-10
	9.1E-07
	1.7E-05
	4.0E-05

	SD.
	0.0849
	0.0130
	0.0221
	0.0332
	0.0320

	t-statistics
	5.78***
	6.63***
	6.57***
	10.49***
	8.28***

	*** Significant at 1 % level


The CIR model produces better MAPEs for all maturities as shown in Table VI.   Standard deviations were also smaller for all maturities. 

The results appear to imply that the functional form of model is important.  While the Vasicek model assumes that the volatility of the short rate is independent of the level of the short rate, the CIR model specifies that the volatility of the short rate is an increasing function of the short rate.  This means that as short-term interest rates increase, the standard deviation of the CIR model increases.  In short, the CIR model appears to be more effective in explaining the Thai bond market.

2. Trading Strategy based on the Estimated Yield Curve
 The estimated abnormal returns from the contrarian strategy are shown in Table V. The CIR model was found to be superior to the Vasicek model for the years 1999, 2000, 2002 and 2003, while the Vasicek model produced better average returns only for 2001. 
Table V
Abnormal return based on estimated yield curve
	
	Abnormal Return

	 
	1999
	2000
	2001
	2002
	2003

	
	
	
	
	
	

	Vasicek
	-0.55%
	-1.25%
	0.58%
	1.75%
	0.58%

	
	
	
	
	
	

	CIR
	0.03%
	-0.77%
	-0.24%
	1.50%
	0.87%

	t-statistics
	0.70
	0.72
	0.77
	0.29
	0.10


 Notice that both competing yield curves cannot generate abnormal returns in 2000.  This might be due to the downward sloping of yield curve and the decrease in real GDP growth rate from 3% in the first quarter of 1999 to 1.5% in the first quarter of 2000. 
 According to the results, abnormal returns were not significantly different between the competing models.  Despite its better ability to explain the Thai market as well as its forecasting efficiency, the CIR model cannot be said to be a better model than the Vasicek model for use in trading.
A by-product of the study found that there were abnormal returns to be made in the Thai market, implying that the market is inefficient.  Not all relevant information were incorporated into bonds prices.  Investors can thereby make abnormal returns from trading on a given yield curve. 

V. Conclusion

The purpose of this paper is to find out whether the Vasicek model or the CIR model, which are both equilibrium models, describe the term structure of interest rates in the Thai bond market.  In terms of goodness of fit, the Vasicek model produces 0.68% of mean absolute percentile error which was larger than the CIR model which produces a mean absolute percentile error of 0.62%. 
In terms of forecasting errors, the CIR model outperforms the Vasicek model for all maturities of the dataset with 0.98% of mean absolute percentile error against 1.28% for the Vasicek model.  This implies that the functional form of the model is important in explaining pricing errors.  In short, the CIR model is more suitable for the dataset of the Thai bond market as compared to the Vasicek model.

To verify which estimated model is better for use in portfolio management, the study tested the models using a contrarian trading strategy.  Under such a strategy,  underpriced bonds were bought while overpriced bonds were sold.  Results show that abnormal returns of the CIR model were higher than the Vasicek model, although the result is statistically insignificant.  In summary, the CIR model performs better than the Vasicek model both in fitting historical price data and in forecasting bond prices, although it is not superior in bond trading. 
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� See Tuckman (2002)








� Notations differ slightly from the usual representation of the CIR model in order to facilitate comparison with the Vasicek model.


� The Vasicek model can be expressed  as follows :    					� EMBED Equation.3 ���


   On the  other hand , the closed form of the CIR model can be expressed as 		� EMBED Equation.3 ���
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